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Self-localized modes in a quantum vibronic system, with long range interaction 
of Kac-Baker type and interacting nonlinearly with an acoustical phonon bath, is 
studied. One works in the coherent state approximation. Following a procedure 
of Sarker and Krumhansl the problem is reduced to a nearest neighbours one. In 
the continuum limit the localized state satisfy a mKdV equation. An approximate 
expression for its frequency is found. 



Since Davydov's pioneering paper on solitons in quasi-one-dimensional molec- 
ular systems] the subject was investigated intensively by many authorsp One 
reason is their possible role in storage and energy transport in systems of bi- 
ological interest. Of special interest for the-.present paper is the model put 
forward by Takeno in the middle of eighties uu It consists of a nonlinear vibron 
system coupled nonlinearly with an harmonic bath of acoustical phonons. The 
hamiltonian is H — H v n, + H ac + Hi nt where 

Hvib = [-^-pI + V (qn)j - ^ J ™nqnq m (1) 

with v(q) — i/iilo^+M-f <? 4 and the last term in (|l|) is describing the long range 
interaction (LRI) existing between the vibrons. This is usually taken of dipole- 
dipole type, and although of long range nature, is restricted only between 
nearest neighbours. It is our aim to consider a mathematical tractable model 
of long range interaction, the so-called Kac-Baker modeip for which the J mn 
is exponentially decaying, J mn = ji^fe~ 7 l m ~"l , r = e~ 7 . The advantage 
of this model is that it covers continuously the whole spectrum from nearest 
neighbour case (r — * 0) to the Van der Waals limit (r — > 1). Our aim is to 
investigate this dependence on r of the existing localized excitations of (Q). 
The acoustical phonons are described by an harmonic hamiltonian, 

^ E (^ P n + \K{u n+ i - u n )A , (2) 
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and the interaction between vibrons and phonons by 



Hint = X! XV (^n)(u n +l ~ Un-l) 
n 

where we consider the simplest form for V(q n ), namely V(q n ) = \q\. 

As is generally believed by the authors working in this field, robust lo- 
calized excitations of solitonic type in these systems are .well described in the 
coherent state approximation. It was used by Takenoa and together with 
a variational principle the quantum problem was reduced to a classical one. 
Due to the simple form of the now classical vibron-phonon interaction the last 
variables can be eliminated by a Laplace transform. It results a complicated 
generalized Langevin equation. A full discussion of this equation was not yet 
done. As a first step all the memory and transient-effect terms are neglected. 
The resulting equation is: 

d 2 q n 

V-^T + U Jv(<?n) - X! J mnQm ~ F(q n ) = (3) 

where 

F(q n ) = ^VM(V N (q n+1 ) + M<?n-l) + 2V N (q N )), (4) 

and the other notations arc those used by TakenoU Looking for solutions of 
the form q n — <fr n (k; t) cos(kan — tot) and separating the cos and sin parts in 
the rotating wave approximation we get 

^ + f) 2 <I>„ - ^ 7l $3 _ RCn + a fe $„($ 2 i+1 + $2^) = w 2 $„ (5) 
' M>!1 + ^S n + (/V2c)$„($2 +1 - <&*_ x ) = 0. (6) 



dt 2uj 

Here f*» = tf> - §$(ff<°>) s » > 7i = -gr ~ 72 = ^, 

Jl-r 1,1 x 1 

R= — , at — 7:72(1 + - cos 2ka), Pk — 7:72 sin 2ka. 

fi 2r 2 2 2 

Also we have introduced the quantities, 

C„ = e^l m -"l cos(fca(m - n))$ m 

S n = e" 71 ™-" 1 sin(fca(m - n))$ m 
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C n — e 7 ' m n ^sgn(m ~ n) cos(ka(m — n))$ m 

S„ = ^ e- 7|m - n| s 5 n(m - u) sin(fca(m - n))$ TO . (7) 

With these quantities following Sarker and Krumhansli it is easy to find " con- 
nection relations" namely, 

C n +\ + C„_i = 2rcosfca$„ — (3? n +i + 3>n-i) + 2r cosh 7 cos fcaC n 

+ 2 sinh 7 sin kaS n 
C„+i + C n _i = —($„ + i — + 2 cosh 7 cos fcaCV, + 2 sinh 7 sin kaS n 

S n +i + S n -i = 2 cosh 7 cos kaS n — 2 sinh 7 sin fcaC„ 

S n +i + 5*71-1 = 2r sin fca$ n + 2 cosh 7 cos kaS n — 2 sinh 7 sin kaC n (8) 

The equations (||), (^) together with (||) form a complete system containing 
only the interaction between nearest neighbours. 

Further, we shall work in the continuum approximation (na — > x). The 
equations (|5|) and @ become (x — > cc/o) 

$« + ft 2 $ - EC + ~( 7l + ^)$ 3 - 2a fc ($$ 2 + $ 2 $m) = ^ (9) 

and 

* t + ^5+^$ 2 $ ;c = (10) 

and also the connection relations (|^) are transformed into their continuum 
form. 

From the continuum limit of the "connection relations" we can express S 
as function of $ and the equation (|l(j) becomes 

$t + v k ($ x + ^ xxx ) + ^-$ 2 $ x = 0, (11) 
where Vh = ^r- smh7smfca j n ^ n movm rr reference system with velocity Vu , 

^ 2a; (cosh 7— cos fca)^ G J 

y = x — Vift, and introducing the time variable r = Vkt/6 and scaling $ as 
^ = A$ with A 2 pi= 2ujVk/4:Pk, ( |Tl| ) becomes the standard modified Korteweg 
de Vries equationQ 

*r + ^yyy + 6* 2 *„ = (12) 



The one soliton solution of ( [l2|) is given byi: 
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* = P — ff = w -A + «o (13) 



The equation (|9|) can be transformed in a similar way as ([l0|). Going in 
the reference system moving with velocity Vk we get a complicated nonlinear 
differential equation in ^. Of course the solution jl^ ) does not obey it. But 
we can use it and integrate over the real 9 axis and determine to 2 from the 
emerged expression. In this very approximate way we get: 



2 t\2 sinli7sin ka + (1 — r cosfca)(cosh7Cosfca — 1) 
• = si — R- 



(cosh7 — cos ka) 
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1 3 1 

- ^(P 2 7i + gP 2 afc - ^P 4 a fc ). (14) 

When r — > that is in the nearest neighbour approximation, we obtain 

J A 2 3 1 

lu 2 — > Si 2 (sin 2 fca + cosfca) — 2cosfca— — [p 2 (7i + ^afe) — -p 4 ak] (15) 

/i Aj 8 4 

More details will be presented elsewhere. 
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